Security Constrained Unit Commitment With Dynamic Thermal Line Rating by Nick, Mostafa et al.
This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
IEEE TRANSACTIONS ON POWER SYSTEMS 1
Security Constrained Unit Commitment
With Dynamic Thermal Line Rating
Mostafa Nick, Student Member, IEEE, Omid Alizadeh-Mousavi, Rachid Cherkaoui, Senior Member, IEEE, and
Mario Paolone, Senior Member, IEEE
Abstract—The integration of the dynamic line rating (DLR)
of overhead transmission lines (OTLs) in power systems secu-
rity constrained unit commitment (SCUC) potentially enhances
the overall system security as well as its technical/economic
performances. This paper proposes a scalable and computation-
ally efﬁcient approach aimed at integrating the DLR in SCUC
problem. The paper analyzes the case of the SCUC with AC
load ﬂow constraints. The AC-optimal power ﬂow (AC-OPF)
is linearized and incorporated into the problem. The proposed
multi-period formulation takes into account a realistic model
to represent the different terms appearing in the Heat-Balance
Equation (HBE) of the OTL conductors. In order to include the
HBE in the OPF, a relaxation is proposed for the heat gain associ-
ated to resistive losses while the inclusion of linear approximations
are investigated for both convection and radiation heat losses. A
decomposition process relying on the Benders decomposition is
used in order to breakdown the problem and incorporate a set of
contingencies representing both generators and line outages. The
effects of different linearization, as well as time step discretization
of HBE, are investigated. The scalability of the proposed method
is veriﬁed using IEEE 118-bus test system.
Index Terms—AC optimal power ﬂow, Benders decomposition,
convex formulation, Heat Balance Equation (HBE).
NOMENCLATURE
A. Functions
Active and reactive power generation cost
[$/h].
Generating unit start-up cost [$].
Generating unit shut down cost [$].
Reserve procurement cost [$/h].
,
,
Convection heat loss coefﬁcient for
high/low/zero wind speed [MW/mK].
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Fitted line for linearization.
Fitted line for radiation heat loss .
Conductor resistive heat gain [MW/m].
Conductor convection heat loss [MW/m].
Conductor radiation heat loss [MW/m].
Conductor resistance .
B. Indices and sets
Index of normal/contingency operation
conditions ( normal operation).
Generating units.
Transmission lines between buses and .
Network buses.
Elements of piecewise linearized model of
radiation heat loss.
Elements of piecewise linearized model of
.
Benders decomposition iteration.
Time.
Set of generation units connected to bus .
C. Parameters
Line shunt susceptance [p.u.].
Conductor diameters [mm].
Line longitudinal conductance and
susceptance [p.u.].
Conductor altitude above sea level [m].
Base value of current.
Line radiation heat loss coefﬁcients
MW/mK .
Solar radiation heat gain coefﬁcients [m].
Generating unit maximum/minimum power
output [p.u.].
, Bus demands [p.u.].
Line solar heat gain [MW/m].
Solar radiation MW .
Conductor resistance at temperature
.
Ambient temperature [K].
Line reference temperature [K].
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Line maximum temperature [K].
, Lower/upper bounds of conductor
temperature for piecewise linearization of
radiation heat loss [K].
, Nodal voltage maximum/minimum
amplitude [p.u.].
Conductor thermal resistivity coefﬁcient
.
Weather emissivity.
Wind speed [m/s].
Line heat capacity [MJ/mK].
HBE time step discretization [s].
D. Variables
Line current ﬂow amplitude [p.u.].
, Generating unit active/reactive output
[p.u.].
, Line active/reactive power ﬂows [p.u.].
Generating unit maximum reactive power
available in case of contingency [p.u.].
Generating unit up/down regulation reserve
[p.u.].
, Up/down regulation reserve used in
contingency [p.u.].
Transmission line temperature [K].
Conductor temperature for each segment of
radiation heat loss linearization [K].
Generating unit on/off binary variables.
Binary variable for radiation heat loss.
, Bus voltage amplitude/angle.
Auxiliary variables to model sub-problem
cuts in master problem ( normal
operation).
I. INTRODUCTION
T HE power transfer limit of overhead transmission lines(OTLs) is an important constraint for power systems plan-
ning and operation. This constraint plays an essential role in
the secure and economic management of power systems. Even
if this limit should be expressed in terms of the temperature
of the line conductors, in practice the thermal limits are trans-
formed in current constraints (i.e., the ampacities) via the Heat
Balance Equation (HBE) or, also, in terms of maximum trans-
mitted apparent power. Traditionally, thermal ratings are cal-
culated seasonally assuming given conservative weather condi-
tions [1]. These ratings mostly lead to conservative operational
limits. However, there might be cases in which the static line
rating (SLR) overestimates the real ones due to extreme weather
conditions [1].
On the other hand there are methods to assess the so-called
dynamic line rating (DLR). They can be brieﬂy classiﬁed in
1) DLR forecast from power systems load and weather predic-
tion [2], [3], 2) DLR estimation from indirect measurements [4],
and 3) real-time DLR evaluation using integrated meteorolog-
ical data [5].
The DLR can be incorporated in optimal power ﬂow (OPF)
problems in different time scales ranging from planning to real-
time operation of power systems. Recent papers have investi-
gated the effect of the DLR on wind power generation integra-
tion into power systems [6]. The general idea is to proﬁt from the
potential correlation between increased wind farm power output
and increase of line rating of nearby overhead lines. Concerning
this speciﬁc subject, in [7] the incorporation of the DLR has
been considered in the planning stage to evaluate the increase of
the potential level of wind power integration. In the system op-
eration, the utilization of the DLR has studied in order to allow
a reduction in the required spinning reserve [8], reducing wind
power spillage [8], [9], and avoiding the re-dispatch of gener-
ating units and load shedding [7]. The improvement provided by
the available transfer capacity (ATC) considering DLR instead
of SLR is discussed in [10].
In spite of several advantages, the main obstacle to the wide-
spread utilization of DLR is that HBE adds a set of time-coupled
nonlinear equality constraints to OPF problems. Consequently,
it increases the complexity of problems limiting the scalability
of the solution methods. This issue has been addressed in some
research papers using a simpliﬁed model of the electro-thermal
coordination (ETC) [11], and an iterative linearized ETC [12],
[13].
In order to reduce the complexity of the problem, in [11]
the terms in HBE that are unrelated to power ﬂow losses (i.e.,
the HBE solar, convection and radiation terms) are supposed
constant with respect to the temperature. In view of this approx-
imated assumption, the ﬁrst order nonlinear differential HBE
is replaced with a set of nonlinear inequalities. The iterative
linearized ETC is proposed in [12] and [13]. The studied OPF
problem is broken down in several linearized sub-problems
whose solutions are iteratively linked. The line ﬂows and the
heat terms of HBE are linearized as function of the generating
unit output power and the conductor temperature. In this ap-
proach the linearized HBE is only considered for a set of the
lines that are operated near bounding constraints.
Despite some efforts in the above-listed literature for the in-
tegration of DLR into OPF problems, the methods are usually
over-simpliﬁed, non-convex or the solutions are obtained itera-
tively with associated non-negligible computational aspects that
limit their applicability. Another drawback of the available lit-
erature is related to the security of the system. The DLR is more
beneﬁcial in case where contingencies are accounted. Thus, a
security constrained unit commitment (SCUC) including DLR
should be used [14]. Moreover, the effects of reactive power
ﬂow and voltage limitations must be taken into account. These
necessities require the use of the AC load ﬂow (ACLF) equa-
tions that is not adopted in the current literature dealing with
this problem.
The main contributions of this paper are: 1) formulation of a
SCUCwith linearized AC constraints and DLR, 2) investigation
of different terms of HBE and their incorporation with a real-
istic model of HBE into SCUC, 3) investigation of scalability of
the proposed method, and 4) discussion of the robustness of the
proposed methodology performing various sensitivity analyzes
(e.g. piecewise-linear approximation versus linear approxima-
tion, time step discretization of HBE).
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The structure of the paper is the following: Section II presents
the basic aspects of DLR of OTLs with reference to HBE. With
reference to the day-ahead scheduling problem, Section III il-
lustrates the developed formulations and solution approaches
capable to include the HBE into the AC-SCUC problem. The
case studies and discussions on practical implementation of
the proposed approaches are provided in Section IV. Finally,
Section V concludes the paper with the ﬁnal remarks summa-
rizing the main ﬁndings.
II. BASIC ASPECTS OF DYNAMIC RATING OF TRANSMISSION
LINES: HEAT BALANCE EQUATION
Before summarizing the basic aspects of the DLR of OLTs, it
is worth mentioning that the current-temperature relationship of
OTL conductors is discussed by the IEEE Std. 738 [15] and the
CIGRE SC.B2 WG 22.12 [16]. These two standards are com-
pared in [9] with the purpose of demonstrating that they provide
essentially the same results. It is assumed that the conductor
cross sections are circular.
According to IEEE Std. 738, the overhead line temperature
depends on 1) current ﬂowing through the conductor, 2) con-
ductor size and resistance, and 3) ambient weather conditions
(e.g., temperature, wind speed and direction, solar radiation) [1].
The HBE relates the rates at which thermal energy enters, leaves
and gets stored in the conductor. The heating terms are the re-
sistive losses and the solar heat gain, while the cooling ones are
the convection and the radiation terms.
The relationship between the conductor temperature changes
with respect to the received net thermal energy can be formu-
lated using the HBE (1) which is a ﬁrst-order nonlinear differ-
ential equation [15]:
(1)
The ohmic losses that produce the heat in the conductor link
the electrical and thermal variables. This term, shown in (2),
alongside with solar heat gain, (3), are the heating sources that
cause the temperature rise of the conductor [15]:
(2)
(3)
The remaining two terms, convection and radiation heat
losses, are the ones that cool down the conductor. These two
terms can be represented as a function of the conductor tem-
perature for each generic weather condition (i.e., wind speed,
altitude and ambient temperature) as they are shown in (4) and
(5) [15] at the bottom of the page.
Equations (2), (4), and (5) make the SCUC problem highly
non-linear, non-convex and, consequently, hard to solve. In the
following section we ﬁrst formulate the targeted SCUC problem
and, afterwards, we propose a methodology to effectively solve
the AC-SCUC problem including HBE.
III. PROBLEM DEFINITION
In what follows we discuss the incorporation of the HBE in
the multi-period day-ahead scheduling problem. The day-ahead
scheduling problem can be solved with different objective func-
tions like, for instance, the minimization of total generation cost
or the maximization of the social welfare. We have focused
on the former case. The generation scheduling problem for the
day-ahead is accomplished performing a SCUC. In the proposed
formulation the power balance equations are modeled with lin-
earized AC load ﬂow equations (ACLF).
A. Day-Ahead Scheduling
We assumed the perfect knowledge of the cost coefﬁcients of
the generating units. In addition to the total production cost of
the active and reactive powers of the generation units and their
respective reserve provision costs, their start-up and shut-down
costs are also included in the objective function (6a). The ramp
up/down constraints, minimum up/down time constraints and
start-up/shut-down constraints are taken into consideration ac-
cording to [17]. The other constraints represent the normal oper-
ating conditions and the contingency states of the system. Note
that active/reactive power load balances at each node for the
normal operating point and the contingencies are given with
(6c)/(6e) and (6d)/(6f), respectively. The active and reactive
power ﬂows over each line are shown with equations (6g) and
(6h),1 respectively. The maximum and minimum active power
production limits of each generating unit are represented by con-
straints (6i) and (6j). The upper limits of upward and downward
1Note that in (6h), the correct line representation (using model) is consid-
ered since the transverse parameters are included.
zero wind (4a)
non-zero wind (4b)
(5)
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reserves are given by (6k) and (6l). The reactive power produc-
tion limits of every generating units is given by (6m). The con-
straint (6n) models the current ﬂow over transmission lines (it
is assumed that the voltage is 1 p.u.). The equation (6o) rep-
resents the nodal voltage upper and lower limits. The HBE is
shown with equation (6p) and the maximum temperature limit
of thelines is represented by (6q). The units on/off state is rep-
resented by equation (6r).2
(6a)
(6b)
(6c)
(6d)
(6e)
(6f)
(6g)
(6h)
(6i)
(6j)
(6k)
(6l)
(6m)
(6n)
(6o)
(6p)
(6q)
(6r)
2In the formulation of the problem, we have neglected the possibility to tem-
porarily overload the lines following a given contingency.
(6s)
(6t)
This problem is a large-scale mixed integer nonlinear, and
non-convex one and is hard to solve. In the next sub-sections
we propose a procedure to deal with these difﬁculties.
B. Investigation of HBE Convexification
The solar heat gain term in HBE is given for each generic
weather condition but the other three terms are non-convex and
are required to be convexiﬁed.
The heat gain related to the ohmic losses is proportional to
the square of the current ﬂow in the conductor and its resis-
tance. The latter is a function of the conductor temperature (for
an ohmic conductor) as it is shown in (7). In order to convexify
the ohmic losses heat gain, given in (2), we have: 1) considered
that the resistance of the conductor is constant at its value at
the maximum temperature3 (conservative hypothesis), 2) con-
sidered the voltage is close to 1 p.u. therefore the current ﬂow is
equal to the apparent power ﬂow [equation (6n)], 3) and ﬁnally
we relaxed the equality constraint (2) to an inequality one given
in (8):
(7)
(8)
This relaxation is exact with respect to the considered approx-
imations since this inequality constraint will be identical to the
equality one when the conductor temperature constraint (6q) is
binding.
The convection heat loss is a function of wind speed, am-
bient temperature, altitude and internal conductor temperature.
As shown in Fig. 1, in the case of non-zero wind speed the re-
lations between this heat loss and the conductor temperature at
each generic wind speed and the ambient temperate is linear.
However, the convection heat loss function is different for high
and low wind speeds and the one producing the largest heat
losses should be used [15]. If it is written as a function of the
difference between the internal conductor temperature and the
ambient temperature, in equation (4b) we can use the maximum
of the slope calculated for high and low wind speeds. In this
study we did not model the case of non-zero wind speed be-
cause: 1) the non-zero wind speed occurs rarely and 2) a very
small wind speed always can be used instead of zero wind. In
addition, the zero wind speed equation can be easily linearized
or piecewise-linearized.
The radiation heat loss can be piecewise linearized. This ap-
proximation is shown in Fig. 2 with three lines.4 The equation
3Since, in general, the network operator is interested to better exploit the lines
when they reach their maximum operating temperatures, we decided to make
this conservative assumption. Its indirect effect is that the error introduced by
such an approximation is progressively reducedwhen the conductor temperature
comes closer to its maximum limit.
4The radiation heat loss depends on the power four of the conductor tempera-
ture as shown in equation (5). In order to piecewise linearize this cooling term, it
is written as a function of the conductor temperature with a domain between the
maximum conductor temperature and the ambient temperature. The piecewise
linearization is done with evenly dividing the domain into the total number of
desired pieces.
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Fig. 1. Linear relationship for convection heat loss in case of non-zero wind
speed .
Fig. 2. Piecewise-linearization of radiation heat loss .
(9) is added to the problem instead of (5) in order to piece-
wise-linearize the radiation heat loss term in HBE:
(9a)
(9b)
(9c)
(9d)
(9e)
The proposed piecewise-linearization approximations for the
radiation can be replaced with a linear approximation. We have
used the linearized model (one line instead of several lines) to
avoid binary variables. In Section IV, we will show that this ap-
proximation brings a very small error and effectively decreases
the computational time.
C. Security Constrained Unit Commitment With AC Load
Flow and HBE
The OPF is a known but challenging problem since it is, in
general, non-convex and hard to solve. In this respect several ap-
proaches, like Semi deﬁnite programming (SDP), second order
cone programming (SOCP) relaxations [18], and linearization
methods using the Newton-Raphson method [14], have been
proposed. Recently, a linearized AC load ﬂow was proposed in
[19] which is an extension of DC load ﬂow. In this paper we
adapt its methodology to formulate the AC-SCUC with HBE.
Even with the linearized model, the SCUC is still a very
large-scale problem with binary variables and very hard and
time consuming to be solved. The inclusion of contingencies
will even make it harder. Therefore, decomposition methods are
Fig. 3. Flowchart of the proposed method.
required to breakdown the problem into smaller ones. The ben-
ders decomposition methodology is used here to decompose the
original problem. This approach is widely used to solve power
system problems (e.g., [14]).
The process of the benders decomposition applied to our
problem is as depicted in Fig. 3. The ﬁrst stage (master
problem) commits the generation units (UC) and provides eco-
nomic dispatch (ED) to minimize the operation cost including
the active and reactive power generation cost in addition to
up-regulation and down-regulation reserve procurement. The
network security check for the normal case and the contingency
scenarios are veriﬁed in the second stage (subproblems). Since
the subproblems are independent from each other, they can
be processed simultaneously in parallel. In each iteration if
the security constraints are violated, an appropriate cut will be
generated and added to the master problem.
1) Unit Commitment (Master Problem): The initial master
problem disregards the security constraints and provides an ini-
tial schedule for the generation units. Its objective function is
shown in (10a) and its constraints are active and reactive load
balances, ramp up/down constraints, minimum up/down time
constraints and start-up/shut-down constraints. A set of appro-
priate cuts representing the security costs is added to it at each
iteration:
(10a)
(10b)
(10c)
(10d)
(10e)
(10f)
(10g)
(10h)
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Fig. 4. Linearization of .
The solution of this optimization problem will be ﬁxed and
used in the subproblems.
2) Network Security Check (Subproblems): The network se-
curity must be checked for the obtained dispatch in the master
problem. This security check is done for the normal operating
condition as well as the set of contingencies. The AC load ﬂow
problem is used here. However, in order to formulate a convex
sub-problem, we have linearized it. The linearized AC load ﬂow
is described below [19].
The main ideas of the linearized AC load ﬂow are 1) approx-
imate by , 2) by a set of linear constraints, and
3) decompose the nodal voltages into a ﬁxed value (normally 1
p.u.) and a small variation.
The is piecewise linearized. Then to avoid binary
variables, these set of piecewise linearized constraints are
relaxed from equality constraints to inequality ones as shown
in Fig. 4 and also in equation (11). This relaxation is most of
the time exact otherwise the reactive and active power losses
over the lines will increase:
(11)
The voltage of the nodes can be written as (12) in two parts,
one ﬁxed and one variable:
(12)
Substituting the nodal voltages and relaxed-linearized model
of according to (11) and (12) in (6h) and using
the Taylor expansion, the reactive ﬂow can be approximated as
(13):
(13)
Similarly, the active power ﬂow can be approximated as (14):
(14)
Once the schedule is done in the master problem, the obtained
solution (active and reactive productions and reserve capacities)
will be ﬁxed and used in the subproblems. The dual of these con-
straints will be used to generate appropriate cuts for the master
problem. The objective function of the subproblems for both
normal and contingency conditions is as in (15a):
(15a)
The are the slack variables
for active and reactive power balances at each node. The
and are large numbers. The constraints
of the normal operating condition and contingencies set are
(15b)–(15h) and (15i)–(15q), respectively. The parameters
indicated with are obtained from the solution of the previous
master problem.
Constraints corresponding to the normal operating conditions
:
(15b)
(15c)
(15d)
(15e)
(15f)
(15g)
(15h)
Constraints expressed for any possible considered contin-
gency (i.e., lines and/or generators outages) :
(15i)
(15j)
(15k)
(15l)
(15m)
(15n)
(15o)
(15p)
(15q)
The are the dual of the con-
straints (15e), (15n), (15o), (15f), and (15l), respectively.
After solving the subproblems, the following cuts are gener-
ated and added to the next iteration of the master problem:
(16a)
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TABLE I
DATA OF GENERATING UNITS FOR 5-BUS SYSTEM [13]
Fig. 5. Single line diagram of 5-bus system.
TABLE II
SIMULATION PARAMETERS FOR 5-BUS SYSTEM
(16b)
(16c)
The indicates the values obtained from the solution of the
sub-problems. It should be noted that in case of normal operating
conditions, one cut is created per time period. Therefore, in each
iteration of Benders decomposition 24 constraints (total number
of time periods) are added to the master problem. For the contin-
gency scenarios, two cuts are produced for each time period. The
cuts for the contingency cases are separated with respect to the
up and down regulation reserves in order to producemore appro-
priate cuts for themaster problem. The [the positive slack
variable of the active power in the load balance equation (15i)]
will notget anon-zerovaluedue to thedownregulationconstraint
(15o). Similarly will not get a positive value due to the up
regulation constraint (15n). Therefore, the cuts can be separated
with respect to the dual of these two constraints and the part of the
objective function (15a) that includes , and . This
decreases therequirednumberof iterationsfor theconvergenceof
theBenders decomposition algorithm [20].
The described procedure iterates until it converges to the op-
timal solution and all the slack variables have zero values.
The master problem is mixed-integer quadratic programming
(MIQP) whereas the subproblems are quadratically constrained
optimization ones (QCP). These types of optimization problems
can be easily solved using conventional optimization software.
Here, these problems are solved using the solver Gurobi [21] via
theMATLAB interface YALMIP [22].5
IV. CASE STUDIES AND PRACTICAL IMPLEMENTATION OF
PROPOSED MODELS
This section shows the effectiveness of the proposed HBE
inclusion into AC-SCUC by making reference to different case
studies. For the sake of clarity, the ﬁrst one is a “toy example”
composed of 5 buses and 6 lines [13]. The IEEE 118-bus test
case is then used to show the scalability of the proposed method.
The HBE based DLR (HBE-DLR) is compared withMVA 6 am-
pacity based DLR (MVA-DLR) and SLR. In the MVA-DLR,
an independent and ﬁxed ampacity is calculated for every con-
ductor at each time step based on forecasted weather parameters.
It should be noted that there are two time steps. One is for the
24-h unit commitment (so, based on the hourly dispatch) while
the second one is for HBE discretization which can be 1, 5, 10,
12, 15, 20, and 30 min.
A. Description of the Test System and Weather Parameters
The single line diagram of the 5-bus system is shown in Fig. 5.
This network includes three loads and four generating units.
The data of generating units is given in Table I. The maximum
amount of loads are equal to 280 MW, 300 MW, and 290 MW
with a power factor of 0.95. The reactance of the transmission
lines is equal to . The conductor diameters are as-
sumed equal to 26.1 mm. The base values for apparent power
and voltage are 100 MVA and 230 kV, respectively.
The hourly proﬁles of ambient temperature, wind speed,
load and solar irradiation used for this case study are shown
in Figs. 6 and 7.7 It should be noted that these temperature
proﬁles are for the lines 1 and 2. With respect to these proﬁles,
the temperature proﬁles of the lines 3 and 5 are in average 3
warmer and the temperature proﬁle for lines 4 and 6 are in
5It should be noted that the subproblems are QCPs. The resistive heat losses
are the quadratic constraints [8]. In some cases, optimization solvers may fail to
compute the duals of the QCP problem. To prevent this problem, these quadratic
constraints can be piecewise linearized like . In this way the subproblems
will become linear.
6The lines transfer capacity are expressed in terms of maximum transmitted
apparent power.
7These weather conditions makes reference to a potential summer scenario
with a clear sky of a line placed in a central region of Europe.
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Fig. 6. Daily active load in per unit (Base value 100 MW) and ambient tem-
perature proﬁles.
Fig. 7. Daily wind speed and solar radiation proﬁles.
average 5 colder. Other simulation parameters are shown in
Table II. They are assumed to be the same for all the lines. In
Sections IV-B and IV-C the maximum conductor temperature
is considered to be 100 while in Sections IV-D and IV-E, it
is considered to be 80 . The quadratic term of the generation
cost function is neglected in these two former sub-sections.
B. Influences of the HBE Modeling
This sub-section discusses the impacts of linearization ap-
proximations and time step discretization of the HBEmodel. For
this purpose, these two aspects are studied with 5-bus system
and using a DC Load Flow (DCLF) assumption regardless of
the N-1 security criterion.
1) Comparison of Piecewise Linearization versus Lineariza-
tion Model of Radiation Heat Loss: In Section III-B it is shown
that the radiation and convection (in case of zero wind speed)
heat losses can be accurately modeled with piecewise-linearized
models. These models introduce additional binary variables to
the problem. Here, it is shown that the use of the linearized
models, instead of piecewise-linearized ones, signiﬁcantly de-
creases the computation time keeping the errors relatively small
(In order to have zero wind speeds, the wind speeds at hours 4
and 14 are assumed to be zero in the proﬁle shown in Fig. 7.).
The simulation results in Table III show that the error of the
identiﬁed minimum of the objective function for the case of
linear HBE approximation is less than 0.2% with an associ-
ated computation time that is signiﬁcantly reduced. It should be
noted that the time step discretization of HBE is chosen to be
30 min.
The temperature evolutions of the lines are shown in Fig. 8 for
the linearized models. It should be noted that these temperature
proﬁles are a-posteriori calculated and based on the HBE for-
mulation given by the IEEE Std. [15]. Fig. 8 shows that the
maximum temperature reached for the case of the linear HBE
approximation is 97.41 (since a conservative linearization
TABLE III
SIMULATION RESULTS FOR 5-BUS SYSTEM USING
PIECEWISE LINEAR AND LINEAR APPROXIMATIONS
Fig. 8. Conductor temperatures evolution for 5-bus system using linear
approximation.
Fig. 9. Evolution of conductor temperatures error for 5-bus system using linear
approximation for L2 and L3.
was selected). It can be observed that the linear approximation
is conservative for temperatures below the maximum and tends
to guarantee a better security of the system.
Fig. 9 shows the conductor temperatures for lines L2 and L3
concerning two cases: 1) those calculated a-posteriori with orig-
inal IEEE std. model [15] and 2) those obtained from the opti-
mization problemwith linearized approaches. It can be observed
that the temperature errors are negligible and they are in the con-
servative region8 (the conductor temperatures calculated with
the realistic model are lower than the approximated ones).
The above results show that the use of linearized models will
decrease the computation time signiﬁcantly while introducing a
negligible error. This improvement in the computation time is
highly important for the case of large-scale networks.
2) Influence of HBE Time-Step Discretization: In IEEE stan-
dard [15], it is recommended that “for accurate dynamic cal-
culation the time step chosen should be sufﬁciently small with
respect to the thermal time constant of the conductors. It is al-
ways prudent to rerun the calculation with a smaller time step
to check whether the calculated values change.”
8These errors are due to two main reasons: 1) linearization of radiation heat
loss and 2) approximation of resistance of the conductors being at their max-
imum value.
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TABLE IV
SIMULATION RESULTS FOR THE 5-BUS SYSTEM CONCERNING DIFFERENT TIME STEPS SELECTED TO DISCRETIZE THE HBE
TABLE V
AMBIENT PARAMETERS FOR THE SLR
In this respect, this sub-section illustrates the effects of
the HBE time step discretization on the obtained results.
Table IV provides, for different time steps, the value of iden-
tiﬁed minimum objective function, the maximum conductor
temperature and the computation time. It is observed that for
smaller time steps the value of the objective function decreases.
It is due to the fact that smaller time steps allow for a more
accurate modeling of conductor temperature evolution. How-
ever, for smaller time steps the computation time increases
signiﬁcantly because the number of HBE constraints increases.
It should be noted that the selection of the HBE time step
discretization depends on the thermal inertia of the conductors
that is the dominant dynamic. This parameter does not change
with the power system size (i.e., number of nodes). Therefore,
they can be chosen a-priori.
As it can be seen from the results shown in Table IV, the value
of the objective function for the time step equal to 30 minutes
is 0.1% higher than the one obtained for the time step equal to
1 min, whereas its computation time is 18.3 times lower.
C. Comparison of HBE-DLR with MVA-DLR and SLR Using
DCLF
The 5-bus system has been used to compare the results of
HBE-DLR with SLR and MVA-DLR. For the case of SLR,
the maximum ampacity of conductors are calculated according
to IEEE Std. [15] and using the given ambient parameters of
Table V.
The optimal identiﬁed value of the objective function and
maximum conductor temperatures for SLR, HBE-DLR and
MVA-DLR are shown in Table VI. For these three cases, the
generating units' commitment and their output power, line
temperature proﬁles and heat balance terms proﬁle are shown
in Fig. 10.
Table VI shows that SLR has the highest value of the ob-
jective function since the transmission capacities are obtained
for the conservative weather parameters. On the other hand,
MVA-DLR has the lowest value of the objective function. How-
ever, a-posteriori calculated conductor temperatures shown in
Fig. 10.b.2 demonstrates that this scheduling does not respect
the maximum allowed conductors' temperature. It is due to the
fact that the MVA-DLR ignores the dynamics of conductors'
temperature as well as their initial temperature (from the pre-
vious time step). In other terms, the dynamic term in the equa-
tion (1) is neglected and the temperature can overpass the dedi-
cated limit. The obtained results using the proposed HBE-DLR
has the lowest secure objective function value. As it can be seen
TABLE VI
OBJECTIVE FUNCTION VALUE AND MAXIMUM CONDUCTOR
TEMPERATURES FOR 5-BUS SYSTEM AND FOR SLR,
MVA-DLR, AND HBE-DLR
from Fig. 10.b.3, the maximum conductors' temperature limits
has been effectively respected over all time periods.
The heat loss/gain terms of HBE for the three cases are
shown in Fig. 10.c and 10.d. The heat gain/loss terms of HBE
for the HBE-DLR, shown in Fig. 10.c.3 and 10.d.3, demon-
strates that the management of the power ﬂows between high
loaded line (like L1) and low loaded line (like L3) decreases
the value of objective function while the maximum allowed
conductor temperatures is respected. The similar trends can be
observed for the MVA-DLR in heat balance terms, as shown
in Fig. 10.c.2 and 10.d.2. However, since the dynamics of the
HBE equation is not considered, the conductor temperature
exceeds the allowed level. For the case of SLR, as shown in
Fig. 10.c.1 and 10.d.1, such behaviors have not been observed
in the heat balance terms.
D. Comparison of HBE-DLR versus MVA-DLR in AC-SCUC
The 5-bus system has been used to compare the results of
HBE-DLR with MVA-DLR. The maximum allowed tempera-
ture of the conductors is chosen to be 80 . As it was shown in
previous sub-section, MVA based DLR could result in insecure
operation condition. In order to prevent the overloading of the
conductors, the maximum MVA rating of the conductors is cal-
culated with 75 as the maximum conductor temperatures.
In order to prevent load shedding the load and the solar irradi-
ation proﬁles used in the previous sub-section are decreased by
10% and 40% respectively. The N-1 criteria is used to evaluate
the security of the system for the set of generation units and
transmission lines outages (in total 10 contingencies for each
hour (4 generation units and 6 transmission lines). The master
problem is the same for both MVA-DLR and HBE-DLR while
the differences are in the subproblems. They depend on whether
we are using HBE-DLR or MVA-DLR.
The value of the objective function and the computation time
usingMVA-DLR and HBE-DLR cases are given in Table VII. It
shows that the use of the HBE-DLR in conjunction with the pro-
posed AC-SCUC approach decreases the value of the identiﬁed
minimum objective function as well as the number of iteration
between the master and subproblems.
The generation units power output, upward reserve, and
downward reserve for both cases are shown in Fig. 11. It shows
how the units are scheduled to maintain the conductors' security
while their maximum capacity is exploited.
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Fig. 10. Generating units’ output power, line temperature proﬁles, and heat balance terms proﬁle for 5-bus system for SLR, MVA-DLR, and HBE-DLR (
min).
TABLE VII
COMPARISON OF HBE-DLR WITH MVA-DLR IN AC-SCUC
E. Investigation of the Scalability of the Proposed Method
In this sub-section, the proposed AC-SCUCmodel with HBE
inclusion is analyzed with IEEE 118-bus test system in order to
investigate the scalability of the proposed approach. In order to
prevent load shedding the ambient temperature and the solar ir-
radiation proﬁles used in the previous sub-section are decreased
by 20% and 40% respectively. The set of contingencies includes
all the generation units (54 units) and all the transmission lines
(179 lines) which results in total 233 contingencies for each
hour. The results of the simulation for the cases using HBE-
TABLE VIII
COMPARISON OF HBE-DLR WITH SLR AND MVA-DLR
IN AC-SCUC USING 118-BUS NETWORK
DLR, MVA-DLR, and SLR are shown in Table VIII. This table
shows that the identiﬁed minimum of the objective function de-
creases with HBE-DLR and its overall computation time de-
creases as well (the computation time for both master and sub-
problems shown in this table are the average of the all iteration.).
It is worth mentioning that although the computation time
for HBE-DLR is the highest one, its number of Benders decom-
position is reduced. This behavior is driven by the fact that the
HBE-DLR makes the subproblem feasible solution space larger
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Fig. 11. Generation units scheduling forHBE-DLR (a) andMVA-DLR (b) (a1 and b1 the active power output, a2 and b2 the upward reserve, a3 and b3 the downward
reserve).
and,sincetheBendersiterationsarecontinueduntilall thesecurity
violationsareremoved, thisallowstoreachthefeasibilityfaster.
V. CONCLUSIONS
The incorporation ofHBE in optimal scheduling of power sys-
tems is a challenging task since the HBE brings a set of non-
linear and time-coupled equality constraints to the AC-SCUC.
This paper proposes an efﬁcient and appropriate way to integrate
theHBE inAC-SCUCproblems. In this respect the radiation and
convection heat losses equations are linearized and a quadratic
relaxation is proposed for resistive heat gains of the conductors.
On other hand, linearized AC-OPF equations are used to take
into account the non-negligible impacts of reactive power ﬂow
and voltage constraints. A decomposition process relying on the
Benders decomposition has been presented in order to enable the
possibility tobreakdowntheproblemandincorporateasetofcon-
tingencies representingboth generators and lineoutages.Various
sensitivity analysis have been performed to show the effective-
ness of the proposed model and the impact of different modeling
approach (i.e., HBE discretization time step, linear versus piece-
wise linear HBE approximations). The advantages of the pro-
posed model for optimality, computation time, and system se-
curity are demonstrated. Finally, the scalability of the proposed
approach is illustrated using as benchmark network the IEEE
118-bus test system.
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